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Worked examples and practice problems (with answers) are provided for each of the

following topics, in the following order.

Work at your own pace, without a calculator. Remember — calculators are not
permitted when writing the MATH placement test.

Arithmetic

Algebra

Inequalities and Absolute Values
Functions

Polynomials

Algebra with Fractions

Rationalizing Numerators or Denominators
Linear Graphs

Graphs

Exponents and Roots

Logarithms

Geometry and Basic Trigonometry
Trigonometric Identities

Problem Solving

More Difficult Problems (Ans. not provided)

Other important high school topics
not covered in this document include:
Probability, linear algebra, and
coordinate geometry of conic
sections.




Some Useful Facts

Algebraic identities

a? —b%>=(a+b)(a—b) (a+b)% =a® + 2ab + b°
a® — b% = (a® + ab + b)(a — b) oL 0¥ =(a? —ab+-b2)(a+b)

Exponential identities

a®b® = (ab)x a%a¥ = g*tY
(a®)° =@’ a~ =1/ab = (1/a)®
Vo = (V8) =b Vo= p/e
al°8.(®) —p In(a) =log,(a), e=2.71828...
log, (b) + log, (c) = log, (be) log, (b) — log, (c) = log, (b/c)
log, (b) log; (c) = log,(c) log, (1/b) = —log,(b)

Trigonometric facts

Let a triangle have sides of length a, b, ¢ opposite angles 4, B, C. Then

Pythagoras’ Theorem:  If C is right, a® + b% = 2.

Sine Law: sin(A)/a = sin(B) /b =sin(C)/c

Cosine Law: ¢ = a” + b* — 2abcos(C)
Trigonometric identities
tan(a) = sin(a)/ cos(a) cot(a) = cos(a)/ sin(a)
cot(a) = 1/ tan(a)
sec(a) = 1/ cos(ar) csc(a) = 1/sin(a)
sin®(a) + cos?(a) = 1
sec?(a) — tan?(a) = 1 csc?(a) — cot?(a) =1

sin(A + B) = sin(A4) cos(B) + cos(A) sin(B)
sin(A — B) = sin(A) cos(B) — cos(A) sin(B)

cos(A + B) = cos(A) cos(B) — sin(A) sin(B)
cos(A — B) = cos(A) cos(B) + sin(A4) sin(B)

tan(A) + tan(B)
1 — tan(A4) tan(B)

tan(A) — tan(B)

tan(A+ B) = 1+ tan(A) tan(B)

tan(A — B) =




Arithmetic

Let’s start with the basics!

This material, which is
covered in elementary school
and junior high, is very
important. It is fundamental
to everything that follows.

Expectations:

* You should be able to do
basic arithmetic without a
calculator, including
operations on fractions,
negative numbers, and
decimals.

* You should be able to
compute simple powers and
roots.

Examples:
., 12
1. Find § 5= 3
Solution: To add (or subtract) fractions, you must first find a common
denominator:
1 2 1.5 2.3 5 6 11
375735538 15 15 1s

. Convert 1.25 to a fraction in lowest terms. Solution:

To convert a decimal
to a fraction, write as a fraction over a power of 10, then reduce.
125 5.25 5

125=100~" 225 " 1

(HINT: Memorizing some common equivalences between decimals and frac-
tions, such as 1/2 = 0.5, 1/3 = 0.333..., etc., could save you some time
here!)



Arithmetic
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Practice Problems:
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Find 3 X % in lowest terms.

Convert 3.125 to a fraction in lowest terms.
Convert 37/25 to a decimal.

Convert 17/10 to a decimal.

Find 0.0001 x 0.01/0.001

Find 1.23 x 0.1

Find 1.005 + 9.995

Find 1 — (—2)

Find /64

Find 203/20° as a decimal.
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Basic Algebra
is closely related to Arithmetic

Expectations:

You should....

* Know the basic rules for
addition, subtraction,
multiplication, division, and
exponents

* Be aware of the operations,
such as division by 0 and taking
the square root of a negative
number, that cannot be done
within the real number system

* Be able to solve a simple
equation

* Simplify an algebraic
expression

 Evaluate an expression by
plugging-in values

Algebra

Examples:
R

1. Simplify pryre
Solution:

a’b?

atbd

2. Solve ax + 4 = 2z — a for x when a = 5.
Substituting @ = 5 and adding, subtracting and dividing like

Solution:

By basic rules of exponents

- a7_4b3_4 = a3b—1 -

ad

b

quantities on both sides of the equation we reduce to an equation which is its

own solution:

S5r+4
52+ 4 — 2z
3z +4—4

.0

so z = —3.

2z —5
2z — 5 — 2z
—5.—4
I
- (§>

-3



Good skills
in algebra
are very
important
for success
in calculus

10.
1.1.
12:

Algebra

Practice Problems:

. Simplify (a*/a?)?

Simplify abc — ach + acd — ace, factoring if possible .

Y

a:+$
% -
z

Simplify

Simplify (@ + a® + a*)/a, factoring if possible.

Solve3z +2 =z + 2 for x.

.Ifz=5and y=7, find 22 — zy + 3.

Simplify "‘2_—(2_“2)

a

If a =5and b =2, find a — b% + 2ab
Solve z° + 2z + 3 = z° — z.
Ifzr=3and 2y =1, find v.
Simplify (a2/a=2)(b=2/b2).

Solvea+z+2=a— z+ 4.
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Inequalities & Absolute Values

Expectations:

You should....

* be able to solve simple
inequalities and perform
algebraic operations with them

* know which operations
reverse inequalities and which
ones preserve them

e understand interval notation,
including open, closed, half-
open intervals, and intervals
with limits at infinity

* know how to compute an
absolute values

* do simple algebra using the
absolute function

Examples:
1. Solve il < 4.
. T—28 .
Solution: < 4 implies 7 — 2z < 12 and —2z < 5.

5
Thus z > 5 Or e [—2,00).

. Solve 22 +3z — 10 < 0.

Solution:

Factoring the left side, (z + 5)(z — 2) < 0. The corresponding equation
(z+5)(z —2) = 0 has solutions —5 and 2 which divide the real line into three
intervals: (—oco,—5), (—5,2), (2,00).

On each of these intervals we determine the sign of the factors as follows:
| Interval [2+5][z—-2] (z+5)(z—2) |

(—o0,—5) - — +
(—5,2) = &= =
(2,00) + + h

From the table we find that 22 + 3z — 10 < 0 on the interval z € [-5, 2.

. Solve [4z + 5| > 9.

Solution: |4z + 5| > 9 is equivalent to
dr+5>9 or 4dr+5< -9

dr >4 or 4dxr < -—14

z>1 or z< —%;

which can be written as z € (—oo0, —2) U (1, 00).



Inequalities & Absolute Values

Practice Problems:

1.

. For what values of z is 1/(1 + 2) > —17

If y >z, 2z > w, and w < z, which of the following must hold?

(a)y>w, (b)y<w, ()y>z (d) y<zs,
For what values of z does (z —2)2 > 0?

If a > b, can we conclude that:

(a) a® > b? always;
(d) a® > b* always; (e) none of these are true.

For what values of y is 4* > 0 ?
For what values of 3 is 4% > 2?

For what values of z is |z — 3| < 17

10.
11.
12
18
14,

15.

(b) a® > b always; (c) a®

(e) none of these.

> B2 ifb >0

. Which of the following intervals contains the point 07

(a') (—OO, O)
(d)all of a,b,c

(b) (_1: 1) (C) (0? OO)

(e) a and ¢ only

. Which of the following intervals contains the point 07

(a)(—00,0]
(d)all of a,b,c

Find |3 — |3 — ]|

(b)[=1,1]  (¢)[0, 00)

(e) a and ¢ only
Simplify 22 — 2|z2|.

Solve —1 <2z —-5 < 7.
Solve 22 — 3z + 2 > 0.

Solve |2z — 3| < 5.

Solve the equation 2ot =
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Functions

Expectations:
You should...
Examples:
* understand the Concept of 1. Find the domain of the functions defined by:

“ S u @) f@)=75 (o) =vi-z
function” and “inverse

function”

Solution

(a) The domain of f(z) = _;~ is the set of all values of z such that 22 —1 # 0;
that isz #+1 or z € {(—o0,—1) U (—1,1) U(1,00)}
* know how to Compute the (b) The domain of g(z) = /4 —z is the set of all values of z such that
. 4 —x >0; that is z < 4 or z € (—o0,4].
composition of two or more

flz+h) — f(z)
h

functions 2. If f(x) = 3z + 5, find
Solution

* be able to determine the f@+h) —f@@) _ [B@+h)+5—[32+5 _32+3h+5-3z—5

range and domain of a simple h ” h h

function - = =3

3. If f(z) =+/z — 1 and g(z) = 22, find:
(a) flg(z))  (b) g(f(=))

Solution
(a) f(g(x)) = f(z?) = /22 — 1; this has domain (—o0, —1] U[1, c0).
(b) 9(f(z) = 9(vz —T1) = (vVz — 1)

This is ¢ — 1 on the domain [1, c0) but is undefined elsewhere.




Functions

Practice Problems:

10.
11,

12.

13.

. If f(z) = 1/z, find the largest possible domain (within the real numbers) on

which f could be defined.

If f(z) =1/(z+ 1), find the domain of f.

If g(z) = 22 + 2, find g(1 + z)

If f(z) = x>, find the range of f.

Find the domain and range of f(x) = i

It f(o) = — 7, find (&) £@); (b) F(-2); (F(/D).

If f(z) = 1/z and g(z) = 22, find f(g(a)).
If f(z) = 1/z and g(z) = 22, find g(f(2)).
If f(z) =1/(z +1), find f(f(z))

If f(z) =22, find the inverse function.

Which of the following functions is its own inverse:

(a) f(z) =22 (b) g(z) =2, (c)h(z) =2
(d) each of f,g and A  (e) g and h only

Which of the following functions has an inverse function?
(a) fz) =2% (b) g(z) =2% (oh(z)=2
(d) each of f,g and o  (e) g and h only

z+1

Finds the inverse of f(z) = o1
s
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Expectations:
You should...

* know how to add, subtract,
multiply, divide, and factor
polynomials

* know special forms such as
the difference of powers

e understand the connection
between roots and
factorizations

* be able to solve a quadratic
equation using the quadratic
formula

*Be able to work with a
polynomial function of
something nontrivial, e.g.,
factor sin(x)? + 2sin(x) + 1

Polynomials

Examples:
1. Expand: (z? —1)(z2%+3)
Solution: (2> —1)(z*+3) = 2z*(z*+3)—1(z*+3)

= 2?*xz2°+2°x3—1xz>2—-1x%x3
= 44822 -2z2_3

= z*12:2-3

2. Expand: (z — 1)(z + 1)(z% +1)

(z—D(z+ (=2 +1) (z—DE+1) (z*+1)

= (#@+1)-1z+1) @*+1)
(22 + 22—z — 1)@%+1)

= @ - DR+ )

= @210 —T@> 1)

= @t g¥= 1

= zt_1

|

Solution:

3. Solve: 42 — Ty+12=0

Solution: This problem can be solved in one of two ways: either by
factoring the quadratic, or by using the quadratic formula. We observe that

¥ —Ty+12 = 0
y-4)y-3) = 0
which implies that the zeroes are y = 3 and y = 4.

through factoring becomes



Polynomials

Practice Problems:

= e

e

11.

Solve: 2 —5z+38 =0.

Factorize 222 + 5z + 2.

Put 22 4+ 2z + 2 in completed square form, and graph it.

Simplify: (22 + 3)(z? +a) — z%.

If we divide z* + 2% + 22 + 2 4+ 1 by z + 1, what is the remainder?
Expand: (z + 2)*.

(z+1)* - (= -1)°

(z+1)2+(x-1)3

Expand and simplify:

Expand and simplify:

. Expand: (z® -1)(z%2 -z +1)
10.

How many real solutions does z* — 522 + 6 = 0 have?

Factorize: 4 — 1322 +36 =0

9 + 5%%
vg + ,x(v +§)
slomsue

1(9)

[ =+ — 2 (6)
(c+=z)(1+27) 7)) T/(EIrFO)=2(1)

v (01)

9T + 228 + ;%G + 28 + % (9)

(¢+2z)(z—x)(g+z)(g—)(11)
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Algebra with Fractions

Expectations:
You should...
* be able to simplify a Examples
i i ~1)2+4
fractional expression 1. Simplify (= l;r z
 convert a “stacked” ELi 5 iq 1d 2 s £
fractional expression into Solution: @~ il+ S ‘T:l il ++x1+ =z+1.
. I M T
a single one
. e=1 _ 2-2
* put fractional 2. Simplify 2E2_ 2¥L
expressions over a &
i =] -2 (2=1)(z+41) - (2-2)(z+2)
common denominator i 2=l . gl i A _ (22— 1) — (22— 4) _
* be able to perform a 5 g 2 z(z +1)(z +2)
partial fraction expansion TGt D12

These skills will be useful in finding various derivatives, simplifying derivatives and
integrals, and in particular for the “partial fractions” techniques of intfegration



Algebra with Fractions

Expectations:
You should...
* be able to simplify a ...Examples
fractional expression 2241
3. Expand — 7 in partial fractions.

* convert a “stacked” FE=
fractional expression into 2 el 2 2

. P Solution: T =1+—-=1+ .
a single one 22 -1 22 -1 (z+1)(z-1)
* put fractional We want to write this as 1+ KAl'I" m% for suitable A, B. Putting the fractions
expressions over a over a common denominator, we have A(z—1)+ B(z+1) = 0z+2; s0 A = -1,
common denominator B=1,and

22 +1 1 1

* be able to perform a x2_1:1_x+1+x_1-

partial fraction expansion

These skills will be useful in finding various derivatives, simplifying derivatives and
integrals, and in particular for the “partial fractions” techniques of intfegration



Algebra with Fractions

Practice Problems:

1
z+1 z-—-1°

1. Simplify

2. Write z+ 1+ 1/2 4 1/2? in the form P(z)/Q(z) where P,Q are polynomials.

z+1 z
3. Simplif
P z+3 z+2
4. Simplify /
1/2
1.
5. Simplify x—hxﬂ
6. Sol z+1 T _0
. Solve ——5 — ——= =0.
oo 1f 4 Ly
7. Simplif
P e — 1y
3, Bimplify = — —
i e r(x+1)

9. Expand m

S44z244 1
10. Expand R i

. Is this equal to O for any z?

in partial fractions.

in partial fractions.

x2 + 2z

11. Expand - 1

in partial fractions.
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Rationalizing Numerators or Denominators

Expectations:
You should...

* know how to eliminate
square (and other) roots
from the numerator or
denominator by an
appropriate expression

Examples
1. Rationalize the denominator of 1
Va
Solution: By multiplying both numerator and denominator by \/a we
obtain
£ 488 _na
Va ava o oa
2. Rationalize the denominator of L+ g
24z
Solution: Recall, when we multiply (a + b)(a — b) we obtain a difference

of squares a® — b%. So, if the denominator of a rational expression contains
a constant added to a square root term, we can eliminate the root term by
multiplying by the difference of the constant and the root term. In this case
if we were to multiply both the numerator and the denominator by 2 — /z
we will obtain the desired result.

1+v3 _ (145 2—v5)
2+ve  B++vm) C—va)

2=y %fr—=3
T A2 %fm—7
24z -z

B 4w

This technique will be important in finding the derivatives of

certain expressions involving roots



Rationalizing Numerators or Denominators

Expectations:
You should... Examples

* know how to eliminate
square (and other) roots
from the numerator or
denominator by an

1++/x

3. Rationalize the numerator of EaY

Solution: This time we multiply numerator and denominator by the
conjugate of the numerator:

. . 147 (1+y8) (1-y3) 1-2
t — —
appropriate expression 2+\/§ (2+\/5) (1_\/5) Ve S

This technique will be important in finding the derivatives of
certain expressions involving roots



Rationalizing Numerators or Denominators

Practice Problems: ond
B
1, Batfonalizedtie denom il = 2
. Rationalize the denominator o Tz = =
S 3
a —31
2. Rationalize the denominator of o A
Vav/b 5 =
3. Rationalize the denominator of ——— 214 Bf=
VI + /Y B S
=

a—+\/x S

4. Rationalize the denominator of

. o0
b—\/z 5 =
5. Rationalize the denominator of 1 s %I
: 1 178 g2/3 | Lo
I =
. ) x + a S
6. Rationalize the numerator of M s
) . a — \/':E o =
7. Rationalize the numerator of ! I
b—+/x = =
O =
—|— <~
: ; ve+1—4/z = 5 )
8. Rationalize the numerator of Ve ii: <%
T ~— E= | P
: P e
3 o0
: : Vy+h— 8 = B
9. Rationalize the numerator of d 3 VY = 3
L
e =




Linear Graphs

Expectations:

You should... Examples

* be able to graph linear
functions and inequalities

1. Find the point of intersection of the lines z =2 and z + y = 5.

Solution: This does not require a graph to be drawn. Remember that the
line (or curve) corresponding to an equation is the set of points (z,y) for

*Be able to determine the which the equation is true; and the intersection of two lines or curves is the

slope and intercept of a set of pairs (z,y) for which both equations are true.

line from its equation - So we need to find a pair (z,y) such that z = 2 and z + y = 5. The first

and vice versa equation gives us the value of x immediately; plugging that into the other
equation we get 24y = 5, y = 3, so the answer is (z,y) = (2, 3).

*Be able to determine 2. Find the slope of the line through the points (—5,0) and (3, 2).

where two lines meet Solution: The “rise” is 2 — 0 = 2 and the “run” is 3 — (—5) = 8.

Slope = ri =2/8 = 1/4.
*Be able to use the ope = rise/run = 2/8 =1/

negative reciprocal rule
for orthogonal lines

*Find the distance
between two points

Many of these ideas will be conceptually important in calculus
Calculus deals a lot with slopes, tangent lines, secant lines, etc.



Linear Graphs

Expectations:

You should... Examples

« be able to graph linear 3. Find the equation of the line through (5,0) and orthogonal to = + 2y = 3.

functions and inequalities Solution: First we find the slope of the given line z + 2y = 3. To find the
slope we isolate ¥ in the equation, rewriting it first as 2y = 3 — z and then as

«Be able to determine the = g — %:z: Thus the given line has slope m = —%.

slope and intercept of a The line we are looking for is orthogonal to the given line, so its slope is the

negative reciprocal of the first line’s slope. —1/(—%) = 2, so we are looking

line from its equation — for a line with slope 2, hence with eqation y = 2z 4 b.

and vice versa Every point on that line satisfies that equation, so 0 =2 x 5+ b. Solving, we

*Be able to determine s B and our equation is

where two lines meet y=2z—10.

*Be able to use the
negative reciprocal rule
for orthogonal lines

*Find the distance
between two points

Many of these ideas will be conceptually important in calculus
Calculus deals a lot with slopes, tangent lines, secant lines, etc.



Linear Graphs

Practice Problems: §§ "
=

1. Find the slope of the line 2y =z — 2 @: %
2. Give the equation of a line with slope 3, through (0, 0). G%g
3. If a line has slope 3/2 and passes through (2,2), give its equation. cfo\:;
4. Find the distance from the point (0,3) to the point (3,0) %:@
5. Find the slope of the line through the points (0, 3) and (3,0). ‘%; 1
6. Find the point of intersection of the lines ¥y = 5 — z and y = 2z + 2 wi*‘i
7. Find the equation of the line with slope —1/2 and y-intercept 3 :Z’:%a
8. Find the slope of a line orthogonal to the line y = 3z + 5. \?'i'o&:am
9. Find the equation of the line through (3,2) and (1,0) B:
i3

i

& (01)

N
'[_



Linear Graphs

NN
Practice Problems: .~
=
B n
10. Which inequality is this the graph of? = %
3 s
oL L1 Od\—/ m
gt < p—
e ¥ | ==
W =
S
0 5
i | 1 aus IS
_1 i Se
I &
| 8
M&IQH
+&
@y>2 (bz>y+2 (@@z<y+2 dz>2 (z+y>2 “‘ﬁ
11. Which of these lines is parallel to 2y = 6z — 17 o8
(a) 2y=5z—1 (b)y=6z+1 (c)y=3z+1 é,l_.
(a) 2y=3z+2 (a)2y=—6z+1 w
12. Which of these lines is orthogonal to y = 3z — 17 @‘Z’
(a) y=—-3z—-1 (b)y=-z/3+1 (c)y=2z/3+1 TE
(d)3z=y+2 (e)y=1-3z 5 2
|
L3
G

» (01)

w
'[_



Graphs

Expectations:
You should... Examples
* be able to graph 1. Which equation best fits the given curve?
polynomials and rational ] .
functions, showing 71 Eg sz/g:
features such as: = (11 = (9 y=sin()
] - LT (D) 2 =1y
ze-ros Y, & 2= 22
- y-intercept {

- horizontal asymptotes

- vertical asymptotes Solution: As the graph has a vertical asymptote (here, z = 0), we can rule
out (a),(c), and (e). Of the remaining two options, (b) has a graph consisting

- slant asymptotes of points in the first and third quadrants (z and y are either both positive or

- points of disconﬁnuity both negative), while the equation (d) is satisfied by points such as (1, —1)
that are on the given curve. So we choose (d), which does indeed have all the

*Be able to read significant  right features.
features from a graph

A graph—for our purposes—should be drawn by determining the main
features and joining them together with smooth curves.



Graphs

Expectations:

You should... Examples

* be able to graph

ponnomiaIs and rational 2. Which of the following is the graph of a function y = f(z)?

functions, showing = (a) A only
_ 1 1| A \l 1l (b) B only
features such as: \ /4 (c} C only
- Zeros sl R -11.1 \1 -0 1 (d) all three
. P N (e) A and B
- y-intercept Nai B N () A and C

horizontal asymptotes
vertical asymptotes

slant asymptotes Solution: (f). Graph B does not have a unique y value for every z, and the

points of discontinuity  others do. The smoothness of graph B, and the fact that it appears to be a
parabola, are not relevant. (It is the graph of an equation z = f(y).)

*Be able to read significant

features from a graph

In your calculus course you will learn to extend these graphing skills by adding
other features, such as maxima, minima, and points of inflection.



Graphs

Practice Problems:

1. Which of the following is the graph of a function y = f(z)?

O//k 1 \ 1
i b /
2 ER T4 T T4
A
A B C

2. Which equation best fits the given curve?

N @y=1/-1)2-1

(1}//\\ (b)y=1-1/z
eyy=1/(z+12-1

AP Gy

(@ y=1/@+1)2+1

p (1) siamsue

e (7)

o (%) pI(g)




Graphs

Practice Problems:

3. Which equation best fits the given curve?

/ (a) y=x%—2
1/ (b) y = (z +1)2
_1011 () y=2%+2z —1

\ (a) y =12
11/ (b) y = —a?
c) y=xz3+ 4z
B Ed))gzélet 4:‘;.
G o

p (1) siamsue

e (7)

o (%) pI(g)
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ExXponents and Roots

Expectations:

You should... Examples

« know the basic identities 1+ Find 47/4%.

for exponents and roots,
and be able to solve
equations and derive their
identities

*Be able to convert a
reciprocal to a negative
power, or a root to a So
fractional power

Solution: ARTRIE B80S =T,

2. Simplify Va7/2a5/23/2¢1/2

Solution: First we simplify the expression under the square root sign:

Q7125125312512 — o7/2+5/248/24+1/2 _ ;8

Va7/265/203/201/2 = \/g8 = o* .

3. Solve: z72 = 100.

Solution: Taking the reciprocal of both sides, z? = 1/100. Taking the
square root of both sides, z = 1/10 or 0.1.

4. Iff a* =9, find a2

Solution: Ifa*=9,a>=8and a=2=1/3.

These identities will be extremely important for differentiation and integration
in your calculus course



Exponents and Roots

Practice Problems:

—

10.

VT X 22
1 7%

. If 632072 ¢/a = a®, what is b?

Solve: 4*2% = 64.

. Simplify

. Solve; 4% + 2= =9,

1 \1/2
. Find | —=
" (ﬁé)
. If a* = b8, for real numbers a, b, which of the following must hold?
(a)a=b (b)a=—-b* (c)a=b2
(d) a =82 ora = —b*® (e) none of these must hold.

. Val®h1® = (a) (ab)* (b) (ab)* (c) (ab)® (d) (ab)™

(¢) none of these.
. If b = (¥a)'2, what is b7
. If a® = b, and b'/6 = 10, find a.
If ¥a = a2, find b.

o (1)

7 (8)
o/s° (U s amsue

z/1 (01) 001 (6)

e=z® z=<x() 9/1- (2

z/1 (9)

p (9)
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Logarithms

Expectations:

You should...
Examples:

* know the definition 1. Find logs(125).

of Ioga rithms to Solution: We recognize 125 as the cube of 5, (or, in a pinch determine
various bases that fact by trial and error.) 5% = 125, so log5(125) = 3.

* know their relation 2. Simplify log, (3) log, (4)

to powers and roots Solution: Using the change-of-base rule, log,(3)log;(4) = log,(4). Be-

cause 4 = 22 we have log, (4) = 2.
* know the change of ’

bas formula: log,(b)
log, (c) = log,(c)

3. What is the decimal logarithm of 104/107
Solution:  10/10 = 103/2, s0 log;,(10/10) = 3/2.

Logarithms are extremely important in many of the sciences. You must be able to manipulate
them algebraically before you can begin to solve problems with them in your calculus course.



Logarithms

Expectations:

You should...
Examples:

* know the definition

) 4. If log, (b2) = 3, find log, (a2
of logarithms to 08, (7*) nd logy (a")

Solution: If log,(¥?) = 3, then log,(b) = 3/2. By the change-of-base rule,

various bases log, (a) = 2/3 and so log, (a?) = 4/3.

* know their relation 5. (Without a calculator or notes!) The natural logarithm of 10 is between:

to powers and roots (a) 0and1 (b)land2 (c)2and4 (d)4and6 (e) 6 and 10

« know the change of Solution: It would be useful here to know In(10) = 2.3025. . ., but you do

. not need to. If you just know that e, the base of the natural logs, is between
bas formula: log,(b) 2 and 3, you can rule out (a) and (b) as too small (because e? < 32 < 10) and
log, (c) = log,(c) (d) and (e) as being too big (because e* > 2¢ > 10).

(The actual value of e is 2.71828. . )

Logarithms are extremely important in many of the sciences. You must be able to manipulate
them algebraically before you can begin to solve problems with them in your calculus course.



Logarithms

Practice Problems:

. Find log,,(0.001).
. Find log,(64) + logs(9)

. If 3% =7, which is true?

(a) 7=log,(3) (b) z=logr(3) (c) 3 =log,(7T) (d) 7= logs(z)

(e) z =logy(7) (f) 3 = logs(z)

. logs(5) logg(7) log,(9) =
(a)1  (b)2 (c¢)3 (d)4 (e) none of these

. If log,(25) = 4, what is a?
(a)1/5 (b)v/5 (c)5 (d)logy(5) (e) none of these

5 Find logloo(l, 000, 000)
. Find log;,(10)

. If logy4(2) =~ 0.301, which of these is closest to log;,(2000)?
(a) 0.6 (b) 3 (c) 6 (d) 30 (e) 60 (£)300

Answers

1) -3
9 c (10)c (11)17

(2) 8
(12) 9

B)e (4b
(13) c

(5) b

(6) 3

. If log10(2) ~ 0.301, which of these is closest to log;4(8)?

10.

11.
12.
13.

(2) 0.3 (b) 0.6 (c) 0.9 (d) 1.2 (e) 2.4 (£)6

If logy(2) = 0.301, which of these is closest to log,(10)?
() 0.5 (b) 1 (c) 3(d) 5 (e) 20 (£)50

Find 2'°g2(17)

Find 41°g2(3)

If log4(10) = K, then logy(10) =

(@2K (bE/3 (K2 (AK® (3K HVE

(M 1/2

(8 b
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Geometry & Basic Trigonomeitiry

Expectations:

Calculus does not use very advanced geometry, but you should be thoroughly fa-
miliar with similar triangles, Pythagoras’ theorem, and parallel lines; and, from
analytic geometry, the midpoint and distance formulae, and the “negative recipro-
cal” rule. Trigonometry is important in various branches of science, but especially
in mathematics, physics, and engineering.

You should be able to convert between degrees and radians (180° = 7 radians).
You should know the definitions of the trig functions, and be able to use them to
find sides and angles of triangles. You should know and be able to use the sine and
cosine laws for triangles.

Most angles do not have trig functions that are easy to give as exact expressions
rather than decimal approximations (and you will not be expected to do so), but
you should know the trig functions of a few common angles, such as 0°, 30°, 45°,
60°,and 90°. You should also know how to find the trig functions of angles outside
the range [0°,90°] in terms of trig functions of angles in that range.

You should also be familiar with the inverse trigonometric functions. Note that
although (for instance) sin®(z) means (sin(z))?, and sin(z) ! means 1/ sin(z), which
is csc(z), sin™*(z) means arcsin(z).
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Geometry & Basic Trigonomeitiry

Examples:

1. If the hypotenuse of a right triangle is 10, and one leg has length 8, how long
is the other leg?

Solution: Let the length of the unknown leg be z. By Pythagoras’ theorem,
22 4 82 = 102, so 22 = 100 — 64 = 36 and z = 6.

2. Find the midpoint of the segment from the point (2, 3) to (8, —3).
Solution: By the midpoint formula, the coordinates of the midpoint are

(2 : s 3 +2—3> which simplifies to (5, 0).

3. If two sides of a triangle have length 1 and 2, and the angle between them is
45°, what is the length  of the remaining side?
Solution: By the cosine law, 22 = 12422 —2(1)(2) cos(45°) = 5—4(\/2/2) =
5 — 24/2; and therefore z = /5 — 2/2.

We cannot simplify this further so we leave it in this form.
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Geometry & Basic Trigonomeitiry

Practice Problems
1.

If a triangle has sides 15, 20, and 25 units long, what is the measure in degrees
of its largest angle?

If a rectangle has edge lengths 10 and 15, how long is its diagonal?

(@) 25 (b)v25 (V125 (d)v225 (e)v/325

. Which of these triples could not be the edge lengths of a right triangle?

(a)(3,4,5) (b)(12,16,20) (c)(2,2,3) (d) (12,13,5) (&) (+/2,V2,2)

In the plane, what are the coordinates of the midpoint of the line segment
whose ends are (10,6) and (4, 10)?

(a) (2,3) (b) (3,2) (c) (5,5) (d)(7,8) (e) none of these are correct.
What is the distance between the points whose coordinates are (—2,3) and
(1,-1)?

@5 BT (©92 VT (Vs

Find the cosine of 225°

. Find the arctangent of 1, in degrees

G

p (F1)

gMr(8)  o5F (1)
o(g) o(z) 06(1) SJaMSUE

g1/xc 10 081/22) (6)

2 (01)
P (%)

® (g)

2 (11)

(€)/M1 (21)
" 20L0— 10 (7) /M /1 (9)

(e1)

w
(9]



Geometry & Basic Trigonomeitiry

Practice Problems

8.
9.
10.
11.

12.
13.

14.

Find the cotangent of 30°

How many radians is 75°7

How many degrees is 3/2 radians? (a)27/3 (b)180 (¢)270/7 (d)7 /120 (e)37/2
How many angles 8 between 0° and 360° have sin(8) = 1/27
@0 ()1 (©2 (A3 ()4

Find tan(w/6)

The value of arcsin(0.5) is: (a) 0° (b) 30°

(c) 45° (d) 60° (e) 90°

If cos(@) = 3/5, then sin(#) can be

(a) 4/5 only  (b)5/4 only (c) 5/4 or —5/4

(d) 4/5 or —4/5 (e) —5/4 only

q
5% (L)

p (F1)
g/ (8)
SJoMsue

506 (1)

g1/2g 10 081/22. (6)
pH o(g) =(q)

2 (01)

® (g)

2 (11)

s popeg=aegl /v Jr—{9)

€D (€)1 (@D

w
(@)



Trigonometric Identities

Expectations:

There are many identities that are satisfied by the trigonometric functions. They
are important in calculus because they are used to reduce the number of rules you
have to learn. Note that cos?(a) means (cos(a))>.

The identities for one angle can all be derived from the definitions of the six func-
tions, via the relations tan(a) = sin(a)/ cos(a), cot(a) = cos(a)/ sin(a), sec(a) =
1/ cos(a) csc(a) = 1/ sin(a) and from the identities sin®(a)+cos?(a) = 1, sec?(ar) —
tan®(a) = 1, and csc?(a) — cot®(a) = 1.

There are also various identities for trigonometric functions of sums and differ-
ences of angles, and for double and half angles. These are aso useful in calculus.
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Trigonometric Identities

Examples:
1. sin®(0) sec () csc(f) =
(a) sin(@) (b) cos(@) (c) tan(f) (d) sec(8) (e) csc(@) (f) cot(f)

Solution:

sin?(#) sec(8) csc(h) (sin(#) sec(8)) (sin(f) csc(8))
(sin(@)(1/ cos(#))) (sin(8)(1/sin(8)))

(tan(8))

so the answer is (c).

2. If sin(35°) = cos(B), and B € [0°,90°], find .
Solution: sin(a) = cos(90° — @) for all a; so here 8 = 55°.

3. If cos(a) = 0.3, find cos(2a).
Solution: We do not need to know « for this! One form of the “double angle
formula” for cosines is

cos(2a) = 2cos?(a) — 1
from which we see that cos(2a) = 2(0.3%) — 1 = —0.82.



Trigonomeitiric ldentities

Practice Problems

10.

. 8in(2z) =

(a) 2sin(z)  (b) sin(z) + cos(z) (c) cos(z)sin(z)
(d) 2cos(z) — 2sin(z) (e) 2cos(z)sin(x)

cot () cos(a) sin(ar) =

(a) cos(a)sin(a) (b) sin®*(a) (c) cos?(a) (d) cos(a) (e) sin(a)

tan(a) cot(a) =
(a) sin(a) (b)cos(a) (c) sin*(a) (d)cos?(a) (e) 1

If cos(8) = /(2)/2, then tan(6) =
@2 ()1 ()0 (d)1/2 (o) £l

. If tan(@) = 3, then cot(f) =

@3 (b)1/3 ()0 (d) -3 (o) —1/3

If sin(y) = 1/3, sin(—y) =
(a) 2/3 (b)1/3 (c) —1/3 (d) —2/3 (e) none of these

. If cos(y) = 1/3, cos(—y) =

(a) 2/3 (b)1/3 (c¢) —=1/3 (d) —2/3 (e) none of these
If cos(a) = 3/5, find cos(2a)

How many angles 8 between 0° and 360° have sin(#) = cos(6)?
@0 (b))l ()2 (d)3 (e)4

How many angles 8 between 0° and 360° have sin(#) = sec(6)?
(@)0 (b1 (@2 (D3 (e)4

e (01) 2 (6)

21 26 °® °0) ¢jomsue

q (9

o (9)

q (2)

“Yez/L— (8)

w



Problem Solving

Expectations:

Solving applied problems (“word problems”) using calculus uses many of the same
skills as solving applied problems using algebra. In each case, you have to pick out
the important numerical quantities — known or unknown — from the problem, and
determine the relations between them. These yield a set of equations that must be
solved to yield the desired quantity. You may also need to know certain quantities
and relations that are not given in the problem.

Do not try to learn “the formula for each type of problem.” A common mistake
is to think that there is one formula for “the problem with the lawnmowers” and
another for “the problem with the antifreeze”. There are many different problems
involving time to complete tasks, and many different problems involving mixtures.
Instead, learn basic relations and heuristics, such as that when two agents (people,
taps, etc) cooperate on a task, the amount of work done can be added and the time
taken cannot.
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Problem Solving

Examples:

1. A tap fills a 100-liter tank in 2 hours, if the tank starts empty and the drain
is closed. If the drain is open, and the tap is off, the tank drains at a constant
rate; starting full, it would empty in 3 hours. If the tank starts half-full at
noon, when is it completely full?

Answer: We combine the effects of the tap and drain by adding or subtracting
work done per hour. The tap adds 100 £ in 2 hours, or 100/2 £/hr. The drain
removes 100 ¢ in 3 hours, or 100/3 £. We need to ad 50¢ to the tank; this
takes 50¢/(100/6 £/hr) = 3hr, so the tank is full at 3:00 PM.

2. If a 10m ladder leans against a vertical wall, with the foot of the ladder 6m
from the wall, how high above the ground is the midpoint of the ladder?

Answer:Draw a diagram and label it. Be-
cause the wall is vertical, and we assume the
ground to be horizontal, the wall and ground
make a right angle. Therefore the wall, ground, a
and ladder make a right triangle (with the ladder
as hypotenuse) and Pythagoras’ theorem applies. a/2
a®+ 62 = 10%, g0 a = /(100 — 36) = 8, and the 1
height of the midpoint is a/2 or 4.

4

10

4—6—’-



Problem Solving

Practice Problems:

. If the area of a triangle is 100 cm? and its base is equal to twice its height,
what is its base? (a) 5cm  (b) 10ecm  (¢)20ecm  (d) 50em  (e) 200 cm

. If the perimeter of a rectangle is 28 meters, and the diagonal is 10 meters,
what is the area?

. If the perimeter of a rectangle is 26 meters, and the area is 30 square meters,
what is the diagonal?

. A right triangle has area 30 square meters and perimeter 30 meters. What is
its hypotenuse?

. If a goat can eat the grass on a lawn in 1 day and a sheep can eat the grass
on the same lawn in 2 days, how long would it take two goats and a sheep
working together? Assume the grass is not growing.

(a) 2/5 ofaday (b)3/8ofaday (c)1day (d)2days (e) 4days

Slomsue | .

WV 0¥:8 (01) TNd 0521 (6) P (8)
JuFg (g) 2 (1)

()

w601
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Problem Solving

Practice Problems:

6.

10.

Joe started day trading with a certain amount of money. On the first day he
doubled his money, and on the second day he lost 2/3 of what he had at the
end of the first day. At the end of the second day he had $ 100. How much
did he start with?

(a) $50 (b)) $75 (c) $80 (d) $125 (e) $133.33 (£)$150

If a puppy weighs a third as much as a dog, and together they weigh 12 kg.,
how much does the puppy weigh?

. A driver is driving 100 km. She drives the first 50 km at 50 km/hr and the

second 50 km at 150 km/hr. How long does the trip take? (a) 30minutes
(b) 50 minutes (c) 60 minutes (d) 80 minutes (e) 90 minutes

The towns of Ayton and Beaton are 60 km apart. At noon, Alice leaves Ayton
and drives to Beaton at 80 km/hr, and Bob leaves Beaton and drives (on his
tractor) to Ayton at 40 km/hr. At what time do they meet?

The towns of Ayton and Beaton are 60 km apart. At noon, Alice leaves Ayton
and drives to Beaton at 90 km/hr. If Bob rides from Ayton to Beaton on his
bicycle at 15 km/hr, when must he leave Ayton to get to Beaton at the same
time that Alice does?

Slomsue | .

WV 0¥:8 (01) TNd 0521 (6) P (8)
JuFg (g) 2 (1)
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More Difficult Problems

A final note. ...

The material earlier in this booklet represents the minimum that you need to know
before you begin university calculus. We hope that it won’t be all that you know!
You should also know something about linear algebra, geometry, statistics, and
other areas of mathematics; you should have experience applying mathematics in
other subjects; and you should be able to write clear explanations of what you
know, and solve problems that require a certain amount of lateral thinking. In
this section, we present some problems intended to challenge the stronger student.
Such students may also want to look for problems in publications such as Crux
Mathematicorum, or compete in mathematics contests.
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More Difficult Problems

Some final practice (no answers given)

1. Find all solutions to z7 + 425 + 2% — 6z = 0.

2. Explain why it is impossible for 21! — 727 4+ 23 — 42 = 0 to have an even
number of real solutions. Find a general statement about polynomials that
this is a general case of.

3. You want to know if az® + b2® + cz* + dz? + e has an odd or even number
of real solutions, where a, b, ¢, d, e are real numbers (not all 0) that you don’t
know. You are allowed to “buy a letter” and find out its value for $10 per
letter . Explain how to find the answer for minimum cost.

4. Explain why 123abc567 cannot be a perfect square (where a, b, ¢ are unknown
digits), without using a calculator or doing any lengthy calculations.

5. Given that 2% = 1024, show how to estimate the decimal logarithm of 2; and
find the first digit and number of digits of 2100,

6. Explain why we cannot define 0/0 to be 1 without changing other rules of
mathematics.

7. Find the area of a regular octagon, if its edge length is 1.

8. (a) If we put the biggest possible circle inside a square of radius 1, and the
biggest possible square into that circle, what would its area be?

(b) If we put the biggest possible sphere inside a cube of radius 1, and the
biggest possible cube into that sphere, what would its volume be?



End of practice problems



Sample Mathematics Placement Test

SAINT MARY’S UNIVERSITY

The test contains a total of 40 multiple choice questions.

Mark your answers (A, B, C, D or E) in the appropriate boxes below.

You have 45 minutes to complete the test.

Calculators or other aids are not permitted.

# | ANSWER

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

ANSWER

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.




4 3
5 4
1 1 1
(A) 1 (B) 5 (©) - (D) (E) 12
0.125 x4 =
2. (A) 55 (B) 0.55 (C) .055 (D) 0.45 (E) none of these
(1-(2-1)-2)=
3. (A) 0 (B) 1 (C) —1 (D) -2 (E) 2
ry
7=
YT
4. yg 22 y2 T z
(A) (B) —— (©) — (D) — (E) —
B
Ve
a+ [?
If P= A , where « =3, =5, and M =7, then P =
6.
@w:  ®mY @ o ®v

Consider only (z — 1), (z+ 1) and (z — 2) as possible factors of 3+ 2% +x + 1 . Of these only

(B) (x+1) isa factor
(E) None of the preceding are true.

(A) (z—1) isa factor (C) (r—2) isa factor

7.
(D) (zr—1) and (x+1) are factors.
(2+ D) +23+1) =
(A) 2" +2° + 2% + 22 + 1 B)2" +2°+ 2+t + ¥+ a1
8. (C) 2" +22° +22° + 22 + 1 (D) 2" +22° + 2® + 2° + 1

(E) 2" +22° +22% + 222 + 1




10.

11.

12.

13.

14.

15.

16.

If 222 —z =1, then z =

(A)—;orl (B)2or1 (C)—;orZ

(D)lor —1 (E);orl

If x + 2y = 3, and 2z — y = 3, then (z,y)

W=y ®=C2  ©=(-)  ©®=()
(E) = none of these
If f(x) = 2% — 223 + x, then f(;) =
(a) TS B) - (©) - ™o ®
If f(z) =1+ 2% then f(1—2x) =
(A) 1—z—2? (B) 2—2? (C) 1-2r—2° (D) 2> —2z+2

(E) none of these

If f(z) =2+ x, then f(z —h) =
(A) 2> =z +h (B) 2> +h* —x —h (C) 2> +h*—x+h

(D) 2 +2hx +h* — 2+ h (E) none of these

If f(z) =22+ xb, then f(z +b) =
(A) 2% + 2bx + b* (B) 2? + 3bx + b (C) 2* + 3bx + 2b

(D) 2® + b+ b (E) none of these

If |z + 2] — 1 < 7, then which of these follows?
(A)z <6 (B) z > —10 (C)x>-2

(D) —10<x<6 (E) none of these

Let x be the length of the side of a square. If each side is decreased by 2 inches, the area of
the square is decreased by 100 square inches. What is the area of the square after the sides are

decreased?

(A) 526square inches (B) 426square inches (C) 476square inches

(D) The area cannot be determined from the information given
(E) None of the above is correct




204172 =

(A) 1 (B) 2 (C) 25 (D) 3 (E) none of these
If 3* =5, then
(A) logy(5) = = (B) log,(3) =5 (C) log,(5) =3
(D) logs(z) =5 (E) none of these are true

10g10(9) - 10g1o(3) =

(A) logy,(6) (B) logy(3) (C) log,o(27) (D) 10g10(;)

(E) none of these

r—1 x-2
r+1 -1
1—2x 3r — 2 3+
A B C)1 D
( )a:2—1 ( )xz—l (©) ( )xQ—l
(E) none of these

The function p(z) = (2? 4+ 1)(xz — 1)
(A) changes sign three times
(B) changes sign twice
(C) changes sign once
(D) is always positive
(E) is always negative

The slope of the line passing through the points (—1,0) and (1, 3) is

3 2
@w;  ®3  ©-2  ©® (B2

The slope of the line perpendicular to the line 2y = 3z 4 1 is

2 1 1
(A) —1 (B) — 3 (C) 3 (D) — 3 (E) none of these
The distance between the points (—1,2) and (5, —5) is
(A) 13 (B) V5 (C)5 (D) V55 (E) V85




For the following set of graphs, which statement is true?

-

Y4

]y

YA

25.

A

(A) They are all graphs of functions

(B) Exactly four of them are graphs of functions
(C) Exactly three of them are graphs of functions
(D) Exactly two of them are graphs of functions
(E) Exactly one of them is a graph of a function

Which equation has this line as its graph?

v*
o
Ry

2. /

(A)y—a—1 (B)y:;erl (C)a+y—1 (D) y = 22 — 2

(E) none of these

How many of the following equations represent straight lines?

Ty =9 =4 r+1=19° r+y=16
27. (A) none (B) one equation (C) two equations
(D) three equations (E) all four equations

How many of the following equations represent parabolas?

-y =9 Sr+y* =4 2+ 1=—9° 2 —y=0
28. (A) none (B) one equation (C) two equations
(D) three equations (E) all four equations

The area of a triangle with base of length 3 and height (or altitude) of 10 is

29. (A) 13 (B) V13 (C) 15 (D) V30 (E) none of these




30.

31.

32.

33.

34.

35.

36.

37.

Which of the following curves passes through the points (1,2) and (2, —1) 7
(A) 2> —y* =5 B)z=y—3 (C)y=5—-3z

(D) 2° +y* =3 (E) none of these

In the following diagram tan f =

5
3
0
4
5 4 3 3
(A) 1 (B) R (C) 2 (D) = (E) none of these
Which of these is g radians?
22°
(A) 57.3° (B) - (C) 90° (D) 180° (E) none of these
sin(60°) is
V3 1 1

A) — B) - — D)1 E f th

()2 ()2 (C)\/§ (D) (E) none of these
tan(—m) is

(A) —1 (B)0 (C) 1 (D) undefined (E) none of these
: 2 -
If sinf = R and @ is in the first quadrant, then cosf =
21
(A) 2 (B) val €)= (D) 2 (E) none of these
) D 7 3
sin(2x) =
(A) 2sin(x) (B) 2 cos(z) sin(x) (C) cos(z)sin(x)
(D) cos?(z) — sin®(x) (E) none of these
sin2(£) . COSQ(Z) -
2 2
(A)1 (B)O (C) 7 (D) \é_ (E) none of these




In the following diagram cot § =

38. z’\

8

(A) % (B) i (C) % (D) % (E) none of these

For the equation cos?(z) — 3cos(x) + 2 = 0 in the interval [—m, 7]:

(A) there are no solutions

(B) there is exactly one solution
(C) there are exactly two solutions
(D) there are exactly three solutions
(E) none of the above is true

39.

The equation 92sinz + 98T _ 6 — () has

(A) only the solution z =

b

B) the solutions 2 = — + km, k any integer
2

40.

C) the solutions 7 = ~ + 2km, k any integer
2

(D) only the solution =z =7

(E) the solutions = =km, m any integer




Answer Key

# \ Answer ‘ ’ # \ Answer ‘
1. B 21. C
2. E 22. A
3. D 23. B
4. B 24. E
5. C 25. C
6. C 26. D
7. B 27. B
8. D 28. D
9. A 29. C
10. D 30. C
11. B 31. C
12. D 32. C
13. E 33. A
14. C 34. B
15. D 35. B
16. E 36. B
17. B 37. B
18. A 38. B
19. E 39. B
20. E 40. C




